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Abstract: We study the Large N dynamics of the 0{N) field theory in the Thermo field 
dynamics approach. The question of recovering the high temperature phase and the corre¬ 
sponding 0{N) gauging is clarified. Through the associated bi-local representation we discuss 
the emergent bulk space-time and construction of (Higher spin) fields. We note the presence 
of ‘evanescent’ modes in this construction and also the mixing of spins at finite temperature. 
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1 Introduction 

The AdS/CFT correspondence with emergent Gravity from the boundary theory offers a 
framework for understanding deep quantum aspects of black holes [1]. Recently issues con¬ 
cerning the physics at the horizon and applicability of quantum mechanics have been vigor¬ 
ously debated [2]. Of central significance is the understanding of emergent Gravity [3] and 
its space-time [4]. 

A particular GFT scheme for understanding the space-time of eternal AdS black holes [5] 
is the so-called Thermo field dynamics (TFD) where identical copies of the GFT are suggested 
for right and left regions of a Penrose space-time [6]. In this scenario one at the outset has 
a question if these (decoupled CFT’s) are capable of producing a connected [7] space-time 
characteristic of a black hole [8, 9]. A further very relevant issue concerns the reconstruction 
of local bulk fields [10, 11] from the two boundaries. The ability to accomplish this is central 
for a possible reconstruction of behind the horizon physics [12] for black holes. 

A simple and calculable model of AdS/CFT correspondence is given by vector models [13, 
14] (in d-dimensions) and Vasiliev type Higher Spin Gravity theories [15-18] (in d -|- 1). For 
these tractable class of field theories an extensive study established [19] agreement for all 
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spins [20, 21]. Furthermore, BTZ type black holes dual to CFT 2 have been investigated in 
detail [22-25]. Also, a generalization of 4D black hole solution in Vasiliev Higher spin theory 
was invastigated in [26, 27]. The reconstruction of Higher Spins and AdS space-time through 
bi-local [20, 28-33] fields was accomplished in a systematic 1/N expansion scheme. In this 
paper we study the Thermo field dynamics [34, 35] of 0{N) vector models with the intent of 
understanding their dual bulk degrees of freedom [36]. 

As it was shown by Shenker and Yin [37] 0{N) vector model exhibits a phase transition 
at Tc ~ \/]V. Below the critical temperature Tc, the free energy of the model is seen to be of 
order 0(1). i.e. Flow ~ This phase corresponds to thermal excitations of the 0{N) singlet 
sector whose Hilbert space is described through the Hamiltonian formalism of collective field 
theory [38] 

Flow = ^ log (^1 - (1.1) 

singlet states 

On the other hand, above Tc, the free energy was seen to be of order N, Fhigh ~ NT^ [37] and 
is associated with the non-singlet sector states. This was reproduced by a stationary point 
approximation in the collective action formalism of the collective field theory [28, 38] 

Fhigh = A^tr log □ (1.2) 

The one-loop corrections for this leading behavior was studied recently in [28, 39, 40], [38], 
[41]. 

In the TFD of the 0{N) vector model, one introduces another field <^*(a;) as a copy of 
the original 0{N) vector field 0*(x). The Lagrangian is now doubled and there arises the 
question of how to define a generalized 0{N) singlet constraint. First, one can impose the 
singlet constraint on both the original and the copied Hilbert spaces separately. Then, the 
original and copied singlet sector can be described by the associated collective field, 'k(x, y) = 
and ^{x,y) = (^*(T)0*(y), respectively. In this way the collective Hamiltonian and 
its Hilbert space is being doubled 

Ftfd = HcoiiU, ^) - Hcoiin, $) (1.3) 

This representation is associated with the 0{N) x 0{N) gauging of the Thermo field La¬ 
grangian and it describes the lower phase of the theory. Here the thermal vacuum corresponds 
to an entangled vacuum of the linearized bi-local fluctuations of 4'(x, y) and 'I'(x, y), and is 
invariant under the 0{N) x 0{N) transformations. Based on the AdS/CFT correspondence 
with Higher spin gravity, this TFD of the singlet sector in 0{N) vector model will describe 
higher spin theory in the thermal AdS background. 

For the high temperature phase we will find it appropriate to relax the 0{N) x 0{N) 
singlet constraint. It was observed [42] that when original (T = 0) Lagrangian poses a 
symmetry group G, the vacuum of TFD respects the diagonal subgroup of G x G. For the 
0{N) model gauging of the diagonal subgroup will describe the theory in the upper phase: 

jij + jij 1$) = 0 
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(1.4) 


where and J*-^ is a 0{N) generator of (f> and (/>, respectively. This implies that we have 
the following invariant bi-local fields 

, (p\t,x)^\t,y) (1.5) 

Now, due to the weaker singlet constraint one has the additional mixed bi-local field x)(f)^{t, y) 
in comparison with the scheme where the singlet field is doubled. Note that this additional 
bi-local field x)(p^{t,y) is a non-singlet with respect to 0{N) x 0{N) transformations. 

We will see that this bi-local field is a crucial for finding the full spectrum of the upper 
phase. In particular it will be seen to play a key role for generating the so-called evanescent 
modes [43-45] of the bulk theory. These modes have been known to represent a signature 
associated of a horizon in the bulk. Hence, one can deduce that the bulk dual to TFD of the 
vector model with the diagonal singlet constraint representing the higher phase of the 0{N) 
model corresponds to an AdS background with a horizon. 

We follow the earlier established framework of using collective bi-local degrees of freedom 
of the vector model and working out their Large N expansion. It will be shown that this 
leads to a linearized set of equations that produce modes which can be put in agreement with 
bulk (higher-spin) modes in d -|- I dimensional space-time. 

We demonstrate that bi-local fields contain the information for generating all the physical 
modes in the dual space time. The question of bulk recovery from the disjoint CFT’s is 
therefore further illuminated by our explicit construction. The outline of this paper is as 
follows. In Section 2 we develop the collective description of the TFD for (free) vector models. 
Fluctuations of bi-locals and their bulk interpretation is given systematically in Section 3. 

We give our conclusions in Section 4. 


2 Thermofield Dynamics 


Our CFT will be a free 0{N) vector field theory (analogous constructions also apply to the 
interacting 0{N) model at the IR fixed point) 

N 

C = ( 2 . 1 ) 

i=l 

The finite temperature theory in the real time formalism of Schwinger (and Keldyish) [46, 47] 
is based on a closed time path which implies doubling of the degrees of freedom. This TFD 
(Thermo field dynamics) of the 0{N) vector model, is associated with a Hamiltonian 

Htfd ^ H-H (2.2) 


where H and H is the Hamiltonian of the original and the copied system, respectively. 
H = dx(-{TT^f + -(50*)^ j = \p\a^Hp)a\p) + 

1=1-^ ^ ' i=\ 

H = Y dx(-{TT^f + -(50*)^ J = Y \p\^"Hp)a\p) + Eo 

^ i=i 


(2.3) 

(2.4) 
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In TFD formalism, one defines a new vacuum |0(/3)) defined in such a way that thermal 
average of an operator is fully reproduced [48]. Namely, 


(O)^ = (0(/5)|0|0(/3)) = ^Tr (2.5) 

The entangled vacuum state reads 


|0(/3)) = e-'^'lO) = exp 


N 

i=i p 



| 0 ) 


( 2 . 6 ) 


where the temperature T = 1/13 dependence lies in 9{p) = tanh ^1^. The generator G 
equals 

N 

o = <EE 9{p){a^^p)a^^ (p) — a^{'p)a^{p)) (2.7) 

i=i p 

Note that the operator a3{p) and a{p) do not annihilate the new vacuum |0(/3)). One can 
introduce Bogoliubov transformations generated by G : 

al{p) = {p)e^^ = a^{p) cosh9{p) — a^^{p) sinh9{p) (2.8) 

and similarly for ai\p),a^g{p) and a^g\p). Then, a/l{p) and ag^(^ form Fock space and al(p) 
and ag{p) annihilate the vacuum |O(;0)). i.e. 

al\0m = al\0m=0 (2.9) 

For further details and proofs regarding the TFD formalism, readers should consult [42, 49]. 


2.1 Bi-local Collective Field Representation 

The basis of the AdS/CFT lies in the different manifestation of a theory when seen through 
the Large N expansion. Collective field theory is built to construct an exact all orders (in 
1/A^) bulk representation. For the case of 0{N) vector model, it was suggested [28] that 
the bulk Higher spin theory is generated completely in terms of the bi-local collective fields 
'I'(t;xi,X 2 ) given in the canonical picture [29] as 

N 

T (t; xi,X2) = ^ 0* {t, xi) 0* {t, X 2 ) (2.10) 

i=l 

These bi-local operators generate all the spin-s primaries 


OiT;C) = ^ E E ^ 


( 2 . 11 ) 
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This representation is exactly canonical due to the existence of the conjugate field IT = ^. 
For the bi-local representation, we have 

[T(xi,X2),n(x']^,X2)] = 5(X1 - x\)6{x 2 - x' 2 ) + - X2)(5(x 2 - x^) (2.12) 

for all order in \/N. 

The bi-local fields obey the Large N Schwinger-Dyson equation, which leads to a sys¬ 
tematic 1/N expansion. It is implemented through the associated collective Hamiltonian: 

H = Hcft = ^coi (^C, 1/A^) (2.13) 


which is systematically given in powers of 1/N. 

Hcoi = iVHo + H2 + ^H3 + ^H4 + --- (2.14) 

The 1/N series is obtained as follows: One first determines the Large N background field 
'I'o(®i)^ 2 ) through minimization of the collective Hamiltonian. Expanding the bi-local field 
'L (t,xi,X 2 ) around the background field To(xi,X 2 ) 


T (t; xi, X 2 ) = 4'o (xi, X 2 ) -^=7] {t; xi, X 2 ) 

the collective Hamiltonian gives the series of higher interaction vertices: 


(2.15) 


(2.16) 


with a natural star product defined as = f dx 2 A{xi,X 2 )B{x 2 , X3) representing a matrix 

product in the bi-local space. 

The only nontrivial issue with respect to the exact duality is the re-interpretation of the 
bi-local space. This represents a kinematical problem. When interpreted in physical terms, 
the collective space leads to extra emerging coordinates and emerging gravitational and higher 
spin degrees of freedom. 

To deal with these bi-local collective field, it is convenient to introduce a new index 
j = 1,2 which distinguish the original vector field (j) and the tilde vector field (f>, respectively. 
Then, one can define a new bi-local field ^{{x,j), {y, k)) of which arguments are the doubled 
bi-local space of (j, x). 


y ^ /T((x,l),(y,l)) T((x,l),(y,2))\ ^ / (jA{x)(jA{^ i(t^{x)(l)\y)\ 

U , 2),(y,l)) T((x,2),(y,2))^ “ [zcjA{x)ci>’(y) -cjA{x)cjA(y)J ^ ^ 


Note that we multiply i to each /d in the definition of the new bi-local field in order to have 
minus sign in front of H in the total Hamiltonian (2.2). As explained, this collective field 
'I'((x, j), {y,k)) is invariant under the transformation 

(j>>{x),^{x) [/^■^^(x) , C/^'^0^(x) where U e 0{N) (2.18) 
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We define a star product A{{x,i), {y, j))-k B{{y, j), (z, k)) = C{{x,i),iz,k)) representing a 
matrix product in the doubled bi-local space. Moreover, Tr [j4((x, i), (y, j))] is defined as 
a matrix trace in the doubled bi-local space. Now, one can use the result of the standard 
collective field theory. The collective Hamiltonian for the doubled 0{N) vector field is given 
by 

Htfy) = ^Tr [H * * H] ^Tr yTr [-V^ * T] -h AH (2.19) 

Note that the derivative act on the first argument of the collective field T. 


2.2 Thermal background 


In Large N limit, one constructs the background field by minimizing the leading effective 
potential. This leads to an equation for the background field given by 

=-Jl (2.20) 

Z o 

where I is the identity of the doubled bi-local space. The background field is static and 
translationally invariant so that the background field has the following form: 


To((x,z),(y,j)) 


dp 

(27r)22|pl 


\ic{p)e^P<^-^ -d{p)e^P<^-^ 


( 2 . 21 ) 


Note that the bi-local collective field T((x, i), (y, j)) is symmetric in the doubled bi-local 
space. From this symmetric condition of the collective field as well as the reality condition of 
If and (f, a solution of the equation is given by 


a{p) = d{p) = coshF(^ , b{p) = c{p) = sinhF(^ (2.22) 


where F{p) is an arbitrary function of p with F(p) = F{—p). Hence, the static Large N 
background collective field is given by 


To((x,i),(y,j)) = 


dp 


cosh F (p) FP- i sinh F (p) FP' 


(27r)^2|^ yisinhT(^e*^'(^ ^ — cosh.F{p)F'P'^^ ^ 
From the background field, one can evaluate the leading Hamiltonian 


Hio) = N Qw [M/o-i] + ^Tr [(-V2)vI/o]) = 0 


(2.23) 


(2.24) 


We comment that the above thermal ground state solution is not unique because F(p) is 
arbitrary. Uniqueness could be accomplished by minimizing an operator representing free 
energy [34, 35] in general. But, for our case we found more practical way to determine F{p) 
from two-point function. Note that the background field is equal to the (equal-time) two 
point function of the vector field with respect to the thermal vacuum |0(/3)). i.e. 


/ ((/>“(f)(()“(y))^ i(|(/>“(x)(/>“(y)^^ 

\^z(/0“(x)(/>“(y)^^ - {j0“(f)^“(y)^^ 
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To((f,i),(y,j)) = (4'((T,f),(y,j))) 


(2.25) 




Using the Bogoliubov transformation (in (2.8)), one can easily evaluate the vacuum expecta¬ 
tion value {^{xi,X 2 ',yi-,y 2 ))p- Comparing to (2.23), one can determine i^(p) to be 

F{p) = 2d{p) = 2 tanh"^ (2.26) 


Collective modes and Bulk 


To study the collective modes one expands the bi-local field around thermal background^ : 


^{t-,ix,i),{y,j)) = ^o{{x,i),{y,j)) + -^r]{t;{x,i),{y,j)) 


(3.1) 

(3.2) 


n(t; (x,i), (y, j)) = y/NTr{t;{x,i),{y,j)) 

By the Large N expansion of the collective Hamiltonian, the quadratic Hamiltonian reads 

^(2) _ 2 Ti- [vr * ^0 * ti"] H—Tr ^ * 'I'q ^ -ky-k 'Lq ^1 (3-3) 

8 

This quadratic Hamiltonian gives the equation of motion for rj. 

(3.4) 




To study the Hilbert space, it is convenient to express the quadratic Hamiltonian in the 
momentum space. 

By Fourier transformation of rj and vr into the momentums space where we use 
as kernel, the quadratic Hamiltonian becomes 


= \ j dpidp 2 {7r^{pi,P2)K{pi,p2)7v{pi,p2) + {pi,P 2 )V{pi,P 2 )v{Pl,P 2 )) 


where we dehne 


7r(pi,P2) = 


/ '^^^iPl,P2)\ 
7r^^(pi,P2) 
'^‘^^{Pl,P2) 

\^'^^iPl,P2)J 


V{Pl,P2) = 


/ r]^^{pi,P2)\ 
V^‘^{Pl,P2) 
v‘^^{Pl,P2) 
\rf‘^{pi,P2)) 


(3.5) 


(3.6) 


K{Pl,P2) = 


y{pi,P2) = |pih 


f Cl +C2 

•52 

Si 

0 \ 



S2 

-Cl -h C2 

0 

-Si 



Si 

0 

Cl - C2 

-S2 



\ 0 

-Si 

-S2 - 

-Cl - C2/ 




f Cl + C2 

-S2 

-Si 

0 

\ 


-S2 

-Cl -h C2 

0 

Si 


-Si 

0 

Cl - C2 

S2 



\ 0 

Si 

S2 

-Cl - 

C2/ 


(3.7) 


(3.8) 


'^Here, we include numerical factor i or —1 in the components of ri{t\ {x,i), {y,j)) in the same way as (2.17). 
Moreover, we also include complex conjugate of the numerical factors in the components of 7r(t; 
in order to keep canonical commutation relations. 
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and Ci = ; Si = and 6i = tanh~^ {i = 1,2). To analyze the constraint 

structure, we Legendre transform to the Lagrangian scheme. To this end one has to express 
the momentum tt in terms of f] 

T] = Ktt (3.9) 


However, the matrix K is not always invertible because the determinant of K is given by 

{\pi\-\P2\)H\pi\ + \P2\? 


det K = 


(3.10) 


\Pl\‘^\P2\'^ 

For |pi| 7 ^ IP 2 I, the matrix K is invertible so that Legendre transformation to Lagrangian is 
possible. 


1 


£ = 7r^(pi,P2)J7(pi,P2) -71 = -if {-K -V)r} 


(3.11) 


By deviation, the equation of motion is given by 


{-d^ -KV)rj = 0 


(3.12) 


One can easily check that this agrees with (3.4) as expected. 

On the other hand, for the case of |pi| = |p 2 |, the matrix K is not invertible. We first 
diagonalize the matrix K 


U^KU = diag 


/ 2^ cosh{A:9) 

W\ 


2Y/cosh(40)\ 

W\ ) 


(3.13) 


where |p| = |pi| = |p 2 | and 6{\p\) = 6li(|pi|) = 02(|p2|)- The orthogonal matrix U induces a 
canonical transformation from {r],7v) to (rj, W). i.e. 


_ rp _ rp 

TV = U TV , T] = U T] 


(3.14) 


Under this transformation, the quadratic Hamiltonian density for |pi| = |p 2 | modes becomes 

(3.15) 


1 2y^cosh(40 )_22 2v^cosh(40)_22\ 


2 


1^ 


-TT — TT 


where 


w = u^vu = 


f12 


b 

0 

0 \ 

b 0 

0 

b 

0 0 

0 

0 

\0 b 

0 

-a) 

^21 

do not 


with a = 


1^ 


2\p\^ 


y^cosh(46<) ’ 


y^cosh(40) j 


contains a linear term in 7]^“^. Therefore, one can see that ri^‘^{pi,P 2 ) is a Lagrangian multiplier 
and the corresponding constraint Ci is given by 


Ci=p^^(pi,P2) + v^'^ipi,P2) = -p''ipi,P2) + V^’^iPi,P2) = 0 (for |pi| = |p2|) (3.17) 


7^22/ 


,11 


22 / 



















In addition, [H,Ci] give a secondary constraint C 2 . 


C 2 = vr^^(pi,p 2 ) - Tr‘^^{pi,P 2 ) = 0 (for |pi| = \p 2 \) (3.18) 

Note that Ci and C 2 form the hrst class constraints, e.g. [Ci,C 2 ] = 0. We further analyze 
these constraints in Appendix B. 

To express the fluctuations in terms of of creation and annihilation operators in the 
Large N, we need to solve the equation of motion (3.4) in general. However, we do not have 
to explicitly solve (3.4) because for the present problem we know the exact 0{N) singlet 
eigenstates in the Fock space. They are given in terms of the bi-local operators defined in 
Appendix A. For instance, consider y). The fluctuation can be obtained by 

subtracting the background held from or equivalently, by normal ordering of x, y) 

with respect to the thermal vacuum |O(,0)). Recall that the annihilation operators a*(p) and 
o*(p) do not annihilate the thermal vacuum, but the Bogoliubov transformed annihilation 
operators ag{p) and ag(p) do. Therefore, for the correct normal ordering with respect to the 
thermal vacuum, we have to follow the standard normal ordering rule with a\{p), aj{p),al{p) 
and 'ag{'p). From either way (subtracting or normal-ordering), one can express x,y) in 

terms of normal ordered 0{N) invariant composite operators of ag{p), {i^,ag{p) and a^g (p). 
We summarize the algebra of those bi-local composite operators in Appendix A together with 
a systematic l/N expansion. Bi-local creation operators are dehned to be the 

composite operators with the two creation operators: 

[a^{pi,P2) iHpi^P2)\ ^ 1 (ae{Pi)ae{pi) {pi)'a^{pi)\ , . 

\7'^ {P2 ,Pi) {pi,P2)) y^2iV|pi||p2| (Pi )“0 (Pi) (Pi )ae (pi)) 


and one can also define their conjugate bi-local annihilation operators a{pl,p 2 ),a{pl,p 2 ),'y{pi,p 2 )- 
Note that the physical creation operators are defined with respect to the thermal vacuum 
10(/?)). They satisfy the commutation relations: 


a{I,J),a^K,L) 

a{I,J),a\K,L) 

7(/,J),7^(iL,T) 


2 {^I,kSj,L + h,L^J,K) 
^ {Si,kSj,l + SplSj,k) 


(3.20) 


where represent the bi-local momentum such as (p, One can express all 0{N) 

invariant operators in terms of these bi-local oscillators in l/N expansion. For example, 
bi-local composite operators with two annihilation operators can be expanded as follows. 


1 

V^2A|pi||p2| 


aliPi)a.}){pi) 4(pi)a*e(pi) 
a},{pi)al{pi) al{pi)al{pi) 


7(P2,Pi) a(Pi,P2)y J 


and the rest of composite operators such as are sub-leading in the ^ expansion so that 
we ignore them. Therefore, the linearized fluctuation can be expressed in terms of the 
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bi-local oscillators a, 7 (and their conjugates) in \/N expansion, and we can read off the 
leading terms: 




1 


dpidp2 

\/ 2 |pi||p 2 | 


X 


a{pi,p 2 ) cosh 01 + a{pi,p 2 ) sinh 0 i 

+ l{Pi,P 2 ) cosh 01 sinh 02 


+h.c. + O 



(3.22) 


In the same way, one can also find the mode expansion of x, x, y) and x, y). e.g. 


= ^ [ dpidp2 

X [ 7 (^ 1 ,P 2 ) (cosh 01 cosh02e-*(IPil-|P2l)*+*Pi'^-*P2'^ + sinh0i sinh 02 e-*(IPil-|P 2 l)*+*Pi”- 2 v 
+a(pi,P 2 ) cosh 01 sinh 02 e-*(IPil+IP 2 l)‘+*Pi-^+*P 2 - 2 ? + 5 (pi,P 2 ) sinh 0 i cosh02e*(IPil+IP2l)*-*Pi'£-iP2-?7 

+h.c. + 0[^'^ (3.23) 


Using these mode expansions, one can evaluate the two-point Green’s function in the Large 
N limit. And, one can confirm that the Green’s function satisfy the equation of motion (3.4) 
(See Appendix G). 


3.1 Bulk Interpretation 

At zero temperature, the bi-local fields are mapped into the bulk fields of higher spin theory 
in the AdS background. This is simply accomplished in the light-cone gauge [20, 30] and was 
furthermore extended to the timelike (canonical) quantization in [29]. At finite temperature, 
the TFD is expected to generate a space-time similar to the eternal black hole which asymp¬ 
totically approaches AdS 4 . The fluctuation modes found in the linearized collective analysis 
are expected to fully reproduce the bulk modes of higher spin in the modified space-time. 
Using the knowledge of the AdS/bi-local GFT map, we can work out their properties. 

Let us summarize the main features of the canonical bi-local map to AdS bulk fields given 
in [29] for the 0{N) vector model GFT. We have the following expression for the bulk higher 
spin field 


r6^\t-,x,z) 



d^pdp^ ,-^pOt+ip-a? 4 r. 0^2 _ ^21-1+1 
(27r)32po" " 


xJ i(v^(p0)2 -jf z) [Os{p]e) ± Os{p-,e*)] h.c (3.24) 
' 2 

where (±) represents polarization of the bulk higher spin field. The spin-s current Og defining 
the Hilbert space of GFT is normal-ordered with respect to the vacuum (at zero temperature). 
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which is the standard definition of CFT operator. Due to the standard normai-ordering, it 
can be expressed in term of bi-iocai operator a{pi,p 2 ): 

O^'ipie) = / dpidp2 J{pi,P2)d'^^\pi +P2-P^) {^^l■P2y — ^ot{pi,p2) (3.25) 

This map (and the kernei) directiy foiiows from the foiiowing canonicai reiation between 
bi-iocai and AdS coordinates : 


p = Pi+P2 
P^ = 2\/|pi||p2|sin 

e = arctan ( 

\{\P2\-\pi\)p^) 

where pi = {\pi\ cos ^pi, \pi\ sin pi). Under this map (with the conjugates determined by a chain 
ruie) the bi-iocai on-sheii condition is transiates into an AdS on-sheii condition: 

{p^f = {py-f (3.29) 

Here p^ is a canonicai conjugate to the radiai AdS coordinate z. The center of momenta 
of the bi-iocai operator oi{pi,p 2 )-, which is mapped to the (three) momentum {p^,p) of the 
spin-s current operator, is aiways timeiike at zero temperature. Hence, there is no bi-iocai 
operator with spaceiike momentum at zero temperature, and the corresponding spin-s current 
operator has no spaceiike mode. Consequentiy, the constructed AdS buik fieid propagates in 
z-direction [p^ is reai) at zero temperature. 

For the thermai case, we suggest a simiiar reconstruction of the buik fieid in terms of 
CFT operators. We wiii start with the discussion of the Hiibert space and give the expiicit 
buik reconstruction formuia subsequentiy. Let us appiy the bi-iocai canonicai map given in 
the above to the finite temperature modes and their buik interpretation. First we have the 
modes: 


Ol\pi,P2) 

P° = \Pl\ + \P2\ 

P = Pi +P2 

a\pi,P2) 

= -|Pl| - \P2\ 

P= -Pl -P2 


and, therefore, the operators a\pi,p 2 ) and a'{pi,p 2 ) create states in Hiibert space with 
timeiike momentum. The map (3.26)~(3.27) and the on-sheii condition (3.29) produces reai 
vaiues for the momentum p^ in the buik. 

(p^)2 = (p0)2 _^2 ^ 0 (3.30) 

On the other hand, our TFD coiiective anaiysis exhibits another set of modes correspond¬ 
ing to: 


(3.26) 

(3.27) 

(3.28) 
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jHpi,P2) 

= \pi\ - \P2\ 


P = Pi - P'2 


These are characterized by spacelike momentum, which leads to imaginary momentum of 
the bulk. 

{p^f = {p^f-f (3.31) 

We recognize the last set of modes as representing evanescent mode. In [43, 45], the im¬ 
portance of such modes and their presence in black hole background asymptotic to AdS was 
discussed and emphasized. In particular their presence was seen to prevent a straightforward 
extension of the bulk to boundary kernel in the case of black hole type backgrounds. 

Turning to our reconstruction of the bulk field in TFD formalism, we note the following. 
In recent work [12, 50], a construction was suggested based on the composite single trace 
operators, O and O of CFTr and CFT^,, respectively, with the further argument that O can 
be reconstructed from the Hilbert space of O’s. 

In the bi-local field formalism, we have seen that the invariant Hilbert space is given 
in terms of three set of bi-local operators, a’s, 5’s and y’s. The collective normal modes 
found in (3.22) and (3.23) are seen to be linear combinations of ~ ~ </>*</>* and 

The bi-local fields serve as generating fields for the spin-s primary operators, and the 
reconstructed HS bulk fields can be then expressed in terms of these operators. This was 
explicitly given in our previous work at zero temperature. In the present TFD case, we 
are able to give an analogous reconstruction, however the operators will be seen to involve 
creation operators of the mixed Hilbert space described above. It is the additional set of 
mixed operators that is responsible for evanescent modes. 

Let us consider the spin-s conserved primary operators in the TFD of the free 0{N) 
vector model, given as : 


[s/2] s-2n 

of{x-,c)y 

^0 VN{2ny.k\{s -2n- k)\ 


(4)-(-l)* 




s—n—k , 


where c^^yx) = (^{x) and (j/^yx) = (j)^{x). Note that, for odd spin s, and are 
non-zero while and vanish automatically. 

To find the representation of these operators on the invariant Hilbert space, we transform 
the currents into the momentum space. Any definition of CFT operators must involve a 
normal ordering procedure, and we emphasize that in our thermal case we define the spin-s 
current operators through normal-ordering with respect to the thermal vacuum j0(/3)). This 
has significant consequences. At zero temperature, the spin-s current is consist of timelike bi¬ 
local operators due to a normal-ordering with respect to jO) = jO(oo)). On the other hand, the 
normal-ordering with respect to the thermal vacuum 10(/3)) will imply that our spin-s currents 
also have nonzero spacelike bi-local components. We have seen that a^^(pi,p 2 ) and a'l^(pi,p 2 ) 
create a state with the timelike momentum {\pi\ + \p 2 \,Pi+P 2 ) and {—\pi\ — \p 2 \,—Pi—P 2 )- On 
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the other hand, 7^(i5i,P2) create a state with the spacelike momentum (|p>| — \p<\,p> —p<) 
where we dehne 


P> = 


Pi when |pi| > |p2| 
P 2 when |pi| < \p 2 \ 


P< = 


P 2 when \pi\ > \p 2 \ 
Pi when \pi\ < \p2\ 


(3.33) 


Hence, we have to separately Fourier transform for the timelike and the spacelike 

momentum denoted by and pspa-^eiike^ respectively. After the Fourier transformation, 

as in [29], we impose the conservation and traceless condition of the spin-s primary opera¬ 
tors with the timelike momentum to find physical operators. One can also repeat the same 
derivation for the case of the spacelike momentum. A solution of the two conditions is given 
by 

Of (p; C) = Of (p; O) {-e,er + Ofip; e) (-e^Cf ^ (3.34) 

where a null polarization vector e{p) for timelike momentum (and €±{p) for spacelike momen¬ 
tum) is given by 


fp) = 


e±(p) = 


I / pOpl ^ p0p2 

V2\p\ Wp'^Pm’ ’ Vp'^Pm 

1 ( ifP‘ ip^p^ , 2 ip^p^ 

'/2\P\ VV^P^’ y/-P^Pii ^ ’ V-P'^Pm ^ 



{p : timelike) 

{p : spacelike) 


(3.35) 

(3.36) 


Using them, we can then relate the physical spin-s operators to the the bi-local oscillator 
fields. We find that, for p^ > 0, 


0 ,ll(ptimelike. 


0 ll(^spacelike.g^^ 


^ I [ (p)'+p^-p^)(2|pi||p2|-2pi-p2)5e“®(^'i’^'^) 

(27r)^s! J ^"21^111^21 

X {a{pi , P2) cosh 01 cosh 62 + (pi , P2) sinh 0 i sinh ^ 2 ) (3.37) 

^ )2 I / I (P> - P< - P^) (2 |Pil IP 2 I - 2pi • P2)5 

(27r)^s! J y^2|pi||p2| 

x( 7 ^(p<,p>) sinh0> cosh0< + 7(p>,p<) cosh0> sinh0<) (3.38) 


where 0(pi, P 2 ) and <h(pi, P 2 ) are functions defining the map between internal space coordinate 
9 of the higher spin field and the bi-local momentum space. 


©(Pi)P2) = arctan 


‘^’(Pi,P 2 ) = tanh ^ 


_2 {P2 X Pi)_ 

(|P2| - |pi|) \/2|pi| |P2| - 2pi ■P2_ 
_ 2(p> xp<) _ 

_(|p>l + |p<l) \/2 jpij |P2| - 2pi ■P2 


(3.39) 

(3.40) 


The physical operator with the e* polarization or complex conjugate of them have similar 
forms. For other spin-s currents, we also have a similar result. At zero temperature {9i^2 = 0), 
the spin-s current with spacelike momentum in (3.38) vanishes while the one with timelike 
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momentum is expressed in term of only the bi-local operator a{pi,p 2 ). This relation between 
spin-s current operators and bi-local fields is a generalization to the thermal case of the AdS 
formulas of [29, 51] . 

For the completeness of the reconstruction, it will be important to work out the commu¬ 
tation relations of the above specified momentum space modes. We do that in Appendix D 
where we show that after re-diagonalization (spin space) a canonical commuting set can be de¬ 
fined. Specifically from the relations (D.IO, D.ll, D.15 and D.16), we establish the canonical 
operators As{k) (for s G Z) as: 




s'=0 

oo 


As{k) — 


1 

■ 2 \s,s 


s'=—1 
—oo 




'0l}{k-,e+)+ (Q^|)^’^'0i3|(A:;e_) 

s'=-l 


s '=0 


(for k : timelike) (3.41) 


(for k : spacelike) (3.42) 


where we is understood to be a matrix with indices s and s' so that | is the square- 
root of the inverse of the matrix One similarly constructs the canonical conjugates 

Al{k) from in as well as a dual set As{k) and Al{k) from and Consequently, 

and As satisfy the canonical commutation relation. 


As{k),Al,{q)]=5s,sA^^Hk-q) , \As{k),Al,{q)]=5s,sA^^\k-q) 


As{k),As'{q) = As{k),Al,{q) 


= 0 


(3.43) 


and others vanish. It is central that all the commutators between the dual pairs vanish. 
The vacuum expectation value of is 


[Al,{k)As{k)) = - q) 


(3.44) 


and similar for ^^^(/c)^^, (A:)^ Therefore, the vacuum expectation value of the number 
density operator of the spin-s operator is 

{Al{k)As{k)^ = - q) (3.45) 


We are now in a position to define the bulk higher spin fields Us (s £ Zi) in terms of above 
constructed canonical operators .A’s and ^’s. In the eternal black hole, one has four regions, 
I~IV where region I and region III are right and left outside of the black hole and region II 
(or, region IV) is inside of the black hole containing future (or, past) horizon, respectively 
(see the earlier work of [36, 52]). 

The presence of evanescent modes indicates that the effective potential V{z) (in the 
language of [43]) is different from AdS case. To deduce the potential one would need the full 
bi-local map. This would define the wave functions fs^k{t,x,z) everywhere. The bulk field is 
given as follows 
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n\{t,x,z) = 


lkO>0 


dk^dp 

(2'k)'^ 


fs,k{t,x,z)As{k) + z)Al{k) 


(3.46) 


where f{t,x,z) is a canonically normalized wave function in the black hole background. In 
the region III, one has 


'H™{t,x,z) = 


lkO>0 


dk^dp 

(27r)3 


flkit, X-, z)As{k) + fs,k{t, X, z)Al{k) 


(3.47) 


Here, we construct in such a way that Al{k) creates a mode fk{t, x, z) because the time 
direction in the region III is opposite to that of the region I. Moreover, the higher spin field 
inside of the black hole is 


nf{t,x,z) = 


'feO>0 


dk^dp 

(27r)3 


/i,fc z)As{k) + {t, X, z)Al{k) + h.c 


A), 


(3.48) 


where fg^l{t,x,z) and f^^l{t,x,z) are two linearly independent solutions in the region II. 

To summarize we have studied the fluctuations of the bi-local (‘single trace’) operators 
in 0{N) vector model CFT at finite temperature in the Hamiltonian Thermo field dynamics 
formalism. The invariant spectrum corresponding to the bulk modes was evaluated and was 
seen to produce new modes (in comparison with the zero temperature AdS case). An exact 
1/N expansion for the composite higher spin operators was performed, and evaluated in terms 
of the bi-local modes. This allows a complete reconstruction of the bulk for all high spin fields. 

The main features of the reconstructed bulk fields at finite temperature are the following: 
at zero temperature (and at leading Large N) the spin s fields were directly given in terms of 
the spin-s composite operator of the CFT. At nonzero temperature which we have presented 
,this is not the case, we have mixing. In order to obtain spin-s bulk creation-annihilation 
modes with canonical properties we had a linear combination of all spin CFT operators. In 
this already we see a difference from the construction of [12, 50] where the basic premise 
was that the vacuum (AdS) correspondence persist with only the doubling of decoupled CFT 
operators. 

Our construction is based on the ‘larger’ Hilbert space of three classes of Bogoliubov 
transformed bi-locals, i.e. Og • aj and aj -dg. These bi-locals follow from the fact 

(discussed in the Section 1) that only the diagonal 0{N) subgroup of the full 0{N) x 0{N) 
is gauged. The second central feature of our the construction is that CFT operators are 
defined through normal ordering with respect to the mixed thermal vacuum state: |0(/3)). As 
a consequence, the spin-s current operators ~ and ~ • d^ of the Left and 

Right CFT are represented in terms of the above ‘enlarged’ Hilbert space. Specifically, the 
first two classes of the bi-locals are packaged into timelike modes of and while the 
third one is packaged into spacelike modes of both and Especially, the third class 
of bi-locals are seen to have the features identical to ‘evanescent’ modes present in black hole 
and other nontrivial backgrounds. These modes are crucial features of the bulk Higher spin 
fields that we construct. 
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We have established that the spin-s current Ol^ on the right CFT commutes with the 
spin-s' current on the left CFT as expected. Moreover, it has been shown that the 
spacelike mode of the current, which encodes the evanescent mode, also commute with the 
timelike mode. However, since current operators with different spins do not commute, we 
have constructed the bulk fields from Ms and As which diagonalize the commutation relation 
(in spin space). 

4 Conclusion 

We have studied in this paper the bi-local theory of the Large N Thermo field CFT the 0{N) 
vector model and worked out the corresponding bulk Higher Spin realization. The bi-local 
composite operators in this case provide a simple set of ‘single-trace’ operators, and their 1/N 
dynamics is faithfully given by the collective Hamiltonian. This was solved after the lineariza¬ 
tion around the (thermal) background with the modes and states explicitly constructed. They 
are seen to be related to the primary higher spin operators whose Large N limit is evaluated 
and given in terms of collective modes. These represent the bulk fluctuating modes of the 
dual Higher spin theory. Several key features associated with the present construction are 
worth summarizing. 

The bi-local field representation is seen to necessarily involve mixed operators in terms of 
Left and Right 0{N) theories. The larger class of operators is associated with the fact that we 
have found it appropriate to impose diagonal gauging of the 0{N) x 0{N) symmetry group. 
Furthermore, when defining primary currents and operators of the CFTs, a specification of 
the vacuum (and the process of normal ordering) is required. The vacuum chosen in the 
present construction is the nontrivial thermal state of (1.4). The corresponding Bogoliubov 
transformation specifies physical creation-annihilation operators which again lead to mixed 
bi-locals. We have then shown the emergence of extra ‘evanescent’ modes which were seen to 
be directly associated with the modes such as the mixed bi-locals between the Left and the 
Right CFT. 

The extra modes are seen to play a significant role regarding the bulk Higher spin fields 
that we reconstruct. One could add that we can formally interpret the occurrence of space¬ 
like modes of and as an analytic continuation^ of timelike modes characteristic of 
zero-temperature AdS/CFT. At hnite temperature, the analytic continuation enlarges the 
momentum space of operators to include the evanescent modes. In this paper, we gave ex¬ 
plicit Hilbert space representation for such modes. 

We have explicitly established the canonical commutation relations of the bulk modes 
that we have constructed. Finally the reconstructed bulk-fields involve mixing of all spins, 
and as such are more complex than the constructions given in earlier works. This construction, 
which we have demonstrated in the Large N limit, suggests that the ideas of reconstructing the 
bulk as suggested in various proposals involving ‘subregion duality’ likely do not hold. Among 
various possibilities, our construction might be most closely relate to the ‘wormhole’ possibility 

^We thank Soo-Jong Rey for this interpretation 
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of [9] . Some other implications on the reconstruction of bulk from bi-locals (precursors) were 
recently given in [53]. It is seen in the collective construction that decoupled CFT’s do not 
necessarily lead to decoupled collective fields. This issue is seen to be closely related to the 
issue of gauging the 0{N) symmetry as to produce an enlarged singlet Hilbert space. 
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A Algebra of Bi-local Operators 
A.l Bi-local Operators 


In TED of the 0{N) vector model, one can construct 0{N) invariant composite operators 


^e{pi,P2) = 


N 

E 


N 




aliPi) ■ al{p2) 


^ ^/\pi\\p2\ 

— (Pi) • Qgfe) 


^ VWi 


Be{pi,P2) ^ -2^ , Be{pi,p2) ^ 

\/\Pl\\P2\ 


— • «e(P 2 ) 


2 = 1 


2 = 1 


'\Pl\\P2\ 


(A.l) 

(A.2) 


N 


N 


1 sr al{pi) ■ al{p2) _ ^ al{pi) ■ {P2) 

= (A.3) 


and their hermitian conjugates, Ag(pi,p 2)5 Ag(pi,p 2 )) C'g(pi,p 2 ) and Dg(pi,p 2 )- Moreover, 
total Hamiltonian and momentum are defined by 


i^TFD = H — H , Ttfd = P — P 


(A.4) 


where 


H = = '^u^Be{p,p) , P = '^pBf){p,p) (A.5) 

P p 

H = '^u)fBe{p,p) , P = '^pBe{p,p) (A.6) 

P P 


To study algebra of these bi-local composite operators, it is convenient to define a matrix of 
bi-local composite operators. 


^e{{p,'i), {q,j)) 


f^e{p,^ Ce{p,^\ 
\Ceiq,p) Ae{p,^j 


Al{{p,i), {q,j)) 


fAlip,^ Cl{p,^\ 
\Cl{q,p) aI{p,^J 


and 


^e{{pA), (qJ)) 


f Beip,^ dI{p,^\ 

\De{q,P) Beip,^J 


(A.8) 
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Then, the commutation relation of Ag and At is given by 




= ^ {^i,K^i,k^e{{J-,j), (T, 1)) + 5i^L5i^iE>Q{{J,j), {K, k))) 

{Sj,K6j,kM{JJ)AL,l)) + Sj,LSj,iMiI,i),iK,k))) (A.9) 


In Large N limit, Aq and A^ are annihilation and creation operators, respectively. One can 
evaluate other commutation relations. 


Me{{I,i),{J,j)),Al{{K,k),{L,l)) 

[M0{{I,i),{J,j)),Me{iK,k),iL,l))] 


2(<5j,ic<^j,fcAj((/,i), {L,l)) + 6j^LSj^iAl{{K, k), (/,I}^)10) 
kAl{{J,j), {L, 1)) + 6i^LSi,iAl{{K, k), 

^ i), (L, 0) - Sj,LSiM(K, k), ( J,i)^.)12) 


Note that there are bi-local composite operators which commute with the total TFD Hamil¬ 
tonian and the total TFD momentum: 


[FItfd, C'6)(/, J)] = 0 , 

[Ptfd, 0*0(/,/)] = 0 , 


^^TFD, J) 

Ptfd,C'](I,/) 


= 0 for \pi\ = \pj\ 

= 0 (no summation) 


We construct coherent states associated with Co{I,I)'s. 

{z(p)}) = JJexp z{p}Cl{p,p) - z*{p)C 9 {p,p) |0) 


(A.13) 

(A.14) 


(A.15) 


Especially, the thermal vacuum is a specific coherent state with z{p) = 6{p). 

Going back to the bi-local composite operators, we want to study the Large N expansion 
of the bi-local operators and express them in terms of canonical conjugate pair of operators. 
At zero temperature, the Large N expansion of the bi-local operators was already found for the 
case of the 0{N) vector model [51] and the U{N) vector model [29] using Holstein-Primakoff 
transformation. One can repeat the exactly same procedure for the finite temperature 0{N) 
vector model because the only difference is that the bi-local momentum space of TFD is 
doubled. First, we consider the 0{N) invariant Fock space consisting of 


('^lO'l)) • ■ -Alain,in), {Jn,jn)) l0(6»)) 


(A.16) 


In this singlet sector, a Casimir constraint is given by 

At((/, i), {J,j)) * Ae{{J,j), {K, k)) - Me{{I, i), (K, k)) 

i), {J,j))*Me{{J,j), {K, k)) - ^(<5(0) + l)Be{{I,i), {K, k))'^ = 0 (A.17) 
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To solve the constraint (A.17), we introduce {J,j)) given by 

and its conjugate a{{I,i), {J,j)) satisfying 

Then, we present ansatz for ]B 0 ((/, i), (if, k)). 

i), {K, k)) = at((i, i), (JJ))a{{J,j), (K, k)) 


(A.18) 

(A.19) 

(A.20) 


One can easily confirm that these ansatz satisfy (A. 10) and (A. 12 ). Finally, one can solve the 
Casimir constraints for Ae((/, i), (J, j)). 

Ae((/,f), (J, j)) = (J, j)) + ^a^{{K,k), {L,l))a{{L,l), {I,i))a{{J,j), {K,k)) (A.21) 

For our purpose, this realization in terms of a’s is enough to see (3.19) and (3.21). Also, we 
found other solutions for (A.17) to get other realizations [29, 51] (And, one of them agrees 
with [30]). Those realizations give the same result because they satisfy (3.19) and (3.21) in 
Large N expansion. Note that the bi-local composite operators A and IB can be expressed in 
terms of the canonical pair of the bi-local field 'L and 11, which can be expanded in 1/N [51]. 


B Constraints 


In Section 3, we found the first class constraints. We analyze these constraints using mode 
expansion of the bi-local fluctuation. For |pi| = |p 2 |; the mode expansion of the primary 
constraint is given by 


V (t,Pi,P2)-V {t,Pi,P 2 ) = 


VWi\W\ 


{a{pi, -P 2 ) - a\pi, -P2))e *(IPil+|p2|)t 


+{c^H-Pi,P2) - 5(-pi,p2))e*(l^^il+l^-^l)* (B.l) 


The commutation relation of 77 tfd and the primary constraint gives the secondary con¬ 
straints. Then, we have two simple constraints 


a{pi,P 2 ) - aHpi,P 2 ) = 0 , a^{pi,P 2 ) - a{pi,p 2 ) = 0 for |pi| = |p 2 | (B.2) 


where they form the first class constraints. Thus, we impose two gauge conditions on their 
canonical conjugates. 


^ (^a{pi,p2) - a^(pi,P2)) = 0 

^ (a^{pi,P2) - 5(pi,p2)) = 0 
Therefore, a solution for these constraints is 
a{pi,P2) = a\pi,p2) = a{pi,p2) 


(a^{Pi,P2) + a(pi,P2)) = 0 (B.3) 

^ (a{pi,p2) + 5'f(pi,p2)) = 0 (B.4) 

a^{pi,P 2 ) = 0 for |pi| = IP 2 I (B.5) 


- 19 - 








C Green’s Function 


Using the mode expansion of the bi-local fluctuation, we will calculate Green’s functions and 
confirm that they are solutions of the equation of motions (3.4). For simplicity, we assume 
t > 0 and denote the following Green’s function by Aj (i = 1 , 2 , 3,4). 


Ai = (r/^^(t,xi,X2)r?^^(0,27i,y2)) 

(G.l) 

Aa = {p^^{t,xi,X2W^{0,yi,y2)) 

(C. 2 ) 

A3 = {p‘^^{t,xi,X2W^{0,yi,y2)) 

(C.3) 

A4 = {r]‘^‘^{t,xi,X2)p^^{0,yi,y2)) 

(G.4) 


Then, we obtain, for example. 


xi,x2W^io, yi^m)) 

J (27r)M|pi||p2| 2 V / 

+{yi < —> m) (C.5) 


One can confirm that they satisfy the equation of motions (3.4). Because the equation of 
motion is matrix equation, one have four differential equations related to Aj’s. One of them 
is given by 


alSi 


-af + \/- 8 | 


{d^ — ^ — ^)Ai -|- 2\Jdfd 2 cosh( 20 i) cosh( 202 )Ai — 2 w^ dfd^ cosh( 20 i) sinh( 202 )A 2 


— 2 Y dfd 2 sinh( 20 i) cosh( 202 )A 3 -|- 2y dfd^ sinh( 20 i) sinh( 202 )A 4 
= -^cosh( 6 'i + 6 ' 2 )cosh( 6 'i - 6 » 2 )( 5 (t)(i(^^(xi - yi) 5 ^^^(f 2 - ^ 2 ) + (yi ^^ 2 / 2 ) 


We also calculate the two-point function of O’s in the momentum space. 

[0l\t,e)0l}\q-,e*)) = 


ePkO 


(C.6) 



(C.7) 


(C. 8 ) 


and similar for others. 


D Commutators 

It is useful to consider changes of variables from the bi-local momentum space {pi,P 2 ) to the 
three dimensional timelike or spacelike momentum space p^ and coordinate of the internal 
space 6 or (j), respectively. These two changes of variables are induced from (3.37) and (3.38). 
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First of all, a transformation to the timelike momentum and the internal coordinate space is 
given by 


P^ = \Pi\ + \P2\ (D.l) 

p = pi+P2 (D.2) 

e = e{puP2) (D.3) 


where the Jacobian of this transformation is given by 


J{Pl,P2) 


V‘^\pi\\p2\ - 2pi 

\Pl\\P2\ 


(D.4) 


Hence, an integration over the bi-local momentum space can be transformed as follows. 


I' dpidp2 _ f d?pd ^ 

J \Pl\\P2\ JpO>\p\ y/{p^Y - 


Note that this change of variables is closely related to (3.26)~(3.28) for the case of AdS/CFT. 
In addition, a transformation to space like momentum and internal coordinate space is given 
by 


p'^ = \P>\ - \P<\ (D.6) 

P = P>-P< (D.7) 

(p = 4>(p>,p<) (D.8) 

where the Jacobian of this transformation is also J{pi,P 2 )- Therefore, an integration over 

the bi-local momentum space can also be changed into an integration over the spacelike 
momentum and the internal coordinate space. 


dpidp2J{pi,P2) = 


d?p / dp 




First of all, the commutation relations of with the timelike momentum are 

Ol^{k] e), e) = - q^) for (A:, q : timelike) 

0^^{k]e),0^^\q-,e*) = for (/c, g : timelike) 


where a function is defined to be 




2i(N+b'l)-6 . ^/3A:0 

7 


de 


sinh( I — \ k\ cos 6 )) sinh( f J- \ k\ cos 6 


(D.9) 

(D.IO) 

(D.ll) 


(D.12) 

(D.13) 
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(D.14) 


Note that, at zero temperature, the function K 


/3,/c 


becomes 


lim K 

j3^0Q 


5,5 

13,k 


r\j 



^s,s' 


Hence, Ol^{p; e) commutes with o33p; e) at zero temperature, and is conjugate to o33p; e*) 
as expected. In the similar way, one can calculate the commutation relations of 0]^’s with 
spacelike momentum given by 


Ol\t,e+),Ol3{q-,e+) 

Ol\k;e+),Ol}\q;e.) 


Qp — q^) for (/c, g : spacelike) (D.15) 

— g^) for {k,q: spacelike) (D.16) 


where a function 


are defined to be 



s + s^ 1 / 

^ (D.17) 

^2f(hl+h'l)-6 Bk° f dip 

- - sinh —- / --;;-r--;;-(^- 18 ) 

(27r) |s|.|s |. 2 J sinh f ^(—/c° + |fe| cosh(/?)j sinh f ^(/c^ + |fe| cosh(/ 7 )j 


Contrast to the function vanish at zero temperature, which is consistent with the 

fact that with the spacelike momentum becomes zero at zero temperature. 

It is easy to see that spin-s operators with the timelike momentum commutes with spin-s 
operator with the spacelike momentum. In addition, O^^’s commute with O^^’s. i.e. 


O,ll(A:timelike)^0ll(gSpacelike) ^ ^ ^ 22 - ^ 


(D.19) 
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